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Poisson Inverse Problems

X
A €E [R{’gon

x € R”

= Poisson(Ax .
d ) >0y € R3

Motivation: Poisson noise models Photon counts in imaging sensors (e.g. Microscopy) ——» 39

To retrieve x: argmax gy q/(x | y) — argmoin KL(y, Ax) + Ry(x)
X X >
20 =0 o Pl
MAP / /

ﬂ,smg(x |y) o ﬂ%,fr(y | Ax)7mg(x)

!

not available

UniGe ‘ Mﬁé@'



Variational formulation and regularization

argmin KL(y, Ax) + Ry(x)

x>0

Model-based

R, (x) = Olixdl, 1 @ > 0, regularization parameter
¢ OTV(x) Total Variation

Goal:
given fargmin KL(y, Ax) + Ry(x)| learning R,y =

x>0

optimization
v
Algoe(xo, v, A) —> fo(-;y,A)

Challenge: R, cannot be learned in an end-to-end fashion
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Deep Equilibrium models (DEQs)

DEQ layer Infinite composition

Definition (Well-posedness of a DEQ)

The DEQ associated with f,: X C R" — X is well-posed if:

1. Fix(fy) # @;
2. Forallx € X, {xk}keN given by:

.Xk — fe(—xk_l)

converges to x € Fix(fy).

Example: Contraction = Well-posedness
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DEQs for image reconstruction

Given:

y = Poisson(Ax) Design fy(-;y) st x2(0;y) = x

with x*(6; y) = f,(x*®(0); y)

Ingredients:

{(x, yi)}ﬁ.\il, y; = Poisson(Ax)), fix the structure of fy( - ; y,)

Training of a DEQ

R ] &
find € argmin — ||x°°(9;y-)—f€i||%
pco 2N ; l

st. x2(0;y) = fo(x>(0); y,)

Question:
How do we choose f, ? — Optimisation algorithm. Which one?
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KL minimisation: Mirror Descent

argmin KL(y, Ax) + Ry(x):= Jy(x; y)

x>0

Given a Legendre function A:
XM = VrE(VA(Y) — 2(VKL(y, Ax) + VRy)) =: f,(x*;y)

Burg’s entropy: /1(x) = — Z log(x;), dom(h) = (0, + c0)"
i=1

Key property:

x" € int(dom(h)) = x* € int(dom(h))Vk > 0 » no need of projection

KL(y, A-) has a Lipschitz gradient “relative to h"
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From Mirror Descent to DEQ-MD

fo(x; y):i= VR*(Vh(x) — t(VKL(y, Ax) + VRy(x))

Proposition (Informal)

n
Let Ry : R” — R be an analytic network and /(x) = — Z log(x;). Then, for all x° € (0, + )",
i=1
the sequence given by {xk}kEN converges to x*°(0; y, xO) a critical point of J,( - ; y) = KL(y, A-) + Ry,

In addition it holds: Fix(fy( - ; y)) C Crit(Jp).

Key point: Learning fy( - ;¥) = learning the regularization R,

Remark: Analyticity is not restrictive!
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Numerical implementation

Dataset:
500 natural images of size 256 x 256

Choice of Ry

Ry(x) = EHX — Ny)I*, Ny = rﬁ ﬁ//((

Data generation:
y = Poiss(aAx) A =

a = strength of Poisson noise
a € [20,80] Convolution operator
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Numerical tests: a = 40

GT Measurement DEQ, PSNR: 28.23, SSIM: 0.83 RAM, PSNR: 27.66, SSIM: 0.82
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Numerical tests: a = 60

Measurement DEQ, PSNR: 2919, SSIM: 0.83 RAM, PSNR: 28.21, SSIM: 0.80
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Work in Progress: Testing on microscopy

Supervised training on simulated data

Measurement TV, PSNR: 17.83, SSIM: 0.78 DEQ, PSNR: 21.05, SSIM: 0.91
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Conclusion & Outlook

- Learned regularisation for Poisson IPs through MD-type deep equilibrium models

* Interpretable inference and reliable results

Future work:

- Extend training of DEQ-MD in the self-supervised setting

« Extend to CT, MRI

UniGe ‘ M%a



Thanks for your attention!

Preprint on Arxiv: | Github: f




Weights the action of the regularizer

T

|
Jo,02(x;3 ) = VI*(Vh(x) = 7(VKL(y, Ax) + 84,(y) V Ry (X))

More precisely:

Burg's entropy: /i(x) = — Z log(x;), dom(h) = (0, + c0)"
i=1

Key points:

x¥ € int(dom(h)) = x* € int(dom(h))Vk > 0

1 NoLip property
T X Ik L > Qisst. Lh — (KL + Ry) is convex on int(dom(/)) L-SMAD

Relative smoothness
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Gradient computation:
{(x;, yl-)}f.il, y; = Poisson(Ax;)

A 1
0 o[- 0 2
find @ € argmin = 2 1x°(0; v, x.), x;|5

0O i=1
— T 0/ /) 0 (/). 0
- ~ 0x*(0; y, x°) _ 0x®(0;y,x°)  fax®(@;y.x"))
6 €B,V, ||x=@;y,x%, x| = °(0;y,x") — =
€ 0,V [|x2(6;y,x°), x5 Y: (x™(6: y, x7) = x) 00 00
~1
(/). 0 a > (.00([). 0
ox™(0;y, x") _ I_dfg(x) Uox™(0:3, %)) Constant memory
00 ox | 00
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Gradient computation:
{(xl,yl)}l \» Y; = Poisson(Ax;)

find 0 € argmin —2 |x*°(0; y;, x O) X; ||2

0B i=1
N T 0o( N 0 00 (N)- 0
_ g ox®(6;y, x°) A ox>(0;y,x°)  fa(x™(0;y.x7))
0 € ©,Vy [Ix=(0;y, 20, xll; = —— == (*(0;,x") =) R ”
~1 Jacobian Free Backpropagation/
ox®(0; y, x°) afé(xoo(é; y,x2)) One step differentiation
0 | 00
0 of;
||ﬁ|| <1 Our case: ||%|| <1
X
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Forward pass

Challenges:

k+

Fixed point iteration x**! =f9(xk; y) slow (sublinear rate)

1
T X 7 with L > 0st. Lh — (KL + Ry) is convex, hard to compute

Backtracking for DEQ-MD

Input: y € (0,1),7 € (0,1)
Define: 7 (x) = VA*(Vh(x) — t(VKL(y, Ax) + VRy(x))
while ¥ ,(x*) — W (T.(xY)) < LD, (T.(x*), x*) do

T

T« N7

Update: x*™! = T (x¥)
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