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Poisson Inverse Problems

A e R
y = P0|sson(Ax + b) = R’;O,y = R’go,b >0

Motivation: Imaging with low photon count (e.g. Microscopy) >

argmin KL(y, Ax + D)

x>0
M y * Convex but not strongly
KL(y,Ax+b)= ) vy, log = + [Ax], +Db—y - Coercive
" [Ax], + b " "
m=1 Xlm « L—smoothifb >0

How to effective handle KL minimization?
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KL minimization: Proximal Gradient Descent

argmin KL(y, Ax + b) =: J(x)
x>0
k+1 - k 1 k2
X7 = argmin (x — x*, V(KL(y, A - +b)) +—]|lx — x*|3
x€RY, 2
1 o
fb>0 = Locﬁ Ift € (0,2/L) = J(x*)—J = 0(/k)

1—strong convexity allows for achieving O(p¥), with p := 1 — u/L rates but not satisfied by KL
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KL minimisation: Bregman Proximal Gradient Descent

argmin KL(y, Ax + b) =: J(x)
x>0
Given a Legendre function @:
x*1 = argmin (x — x*, V(KL(y, A - +b)) +—D,(x, xK)
x€RY,, T

— Ix-113

—— Dy(x, 1)

-= Dy(1, x)

e reference point




KL minimisation: Bregman Proximal Gradient Descent

1
K = argmin (x — x*, V(KL(y, A - +b)) +—D (x, x%)
x€RY, T
F(x)

Convergence under relative smoothness

F(x) < F(x) + (VF('),x = x'y + LD, (x, x') KLy, AX)

L-Dy(x,x’)
e X

— Lx=x|I3
o=—1log(-) = L> |l \

e (0,1/L) = J&5 —T=0(/k
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UniGe ‘ Mﬁ@a



KL minimisation: Bregman Proximal Gradient Descent

1
K = argmin (x — x*, V(KL(y, A - +b)) +—D (x, x%)
x€RY, T
F(x)
Linear rate under relative strong convexity (RSC) KL(y, Ax)
— Slx=x13
F(x) > F(x') + (VF(X),x = x') + uD (x, x) K- Dylx, X)
° X'

RSC=>J(x =T = 0(p"), p =1 —ulL

@ RSC does not hold if n > 2 for ¢ = — log( - ) s

It is possible to relax RSC and get linear rate?

UniGe ‘ Mﬁé@'

10.0 20.0 30.0



Is (relative) global strong convexity necessary?

Restricted strong convexity (ReSC)

(VF(x) = VF(X,), x — %) > pllx — X, |13

Xp, = argmin ||x — z||%, with § = argmin(J), with J = F
ZES

Upon ReSC, it is possible to retrieve linear convergence rate

Restricted relative strong convexity (RRSC)

(VF(x) — VF(Xz), x — )_Cf2> > p(Vo(x) — Vp(xg), x — sz)

If @ = 1/2]| - ||5, then RRSC = ReSC

Linear rate for BPGM?
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Linear convergence upon RRSC

1
x**1 = argmin (x — x*, VF(x*)) +—D,(x, x5
x€RY,, T

PrOPOSition (Informal) [Chirinos-Rodriguez, D., Févotte, Soubies '26]
If the following holds:

1) Fis u—restricted strongly convex relative to ¢

2) F'is L-smooth relative to ¢

Then, givenJ = F+ R, if t € (0,1/L) holds:

k
] 1
JoHh —J< — D (x%, x9),
) T<1+C(<0)w> oo )

where )'cg = argmin Dq,(xo, z) and c(@) € (0,1], measures the symmetry of D,
ZES
1
t=1/2L,p = T+ C(CO)ZM—L What is a good choice of ¢?

: i
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The smoothed-Burg'’s entropy: relative smoothness

n

9x) = ) —log(x, + &), £ >0

i=1

KL(y,A - +b) is L—smooth relative to ¢ for any L such that:

with w2 = max{1,[AE] /b}

The classic Bolte's result L > ||y||; holds if £ £ min

, wherea, = A
m,a,,,#0 Namn

m,n

The result holds for b > 0
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The smoothed-Burg's entropy: RRSC, when 1t may hold?

n

9x) = ) —log(x, + &), £> 0

i=1

Suppose that KL(y, A - +b) satisfies u(&)—restricted strong convexity relative to ¢, Then & > 0

Remark:
If £ = 0, then ¢, i.e the classic Burg's entropy, does not satisfy RRSC

In general, if £ > O the property may hold depending on the property of Ker(A) and S = argmin(J/)
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The smoothed-Burg's entropy: RRSC, where it holds?

n

pex) = ) —log(x, + &), >0

i=1

If R = 0orKer(A) = {0},then £ > 0 = F = KL(y, A - +b) is u(&)—restricted strongly convex relative to ¢,

Counterexample:

Ker(A) # {0} and R # O such that § = argmin(KL(y, A - +b) + R) = {x*}

(VF(x) = VF(Xp),x =Xz ) 2 p(Vo(x) = V(X ), x — X, )

(VKL(y, Ax + b) — VKL(y, Axy, + b), A(x — xfz))

=0 on the red line
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Numerical experiments

y = Poisson(y,)/Q, y,= QAx*+b

A€ IR];%(N random matrix, x* ground truth

1
A+ = argmin (x — x¥, V(KL(y, A - +D)+R()+—D,(x.x)  C=RY,
xeC T =

Setup:

Three geometry: @ (Burg’s entropy), ¢,z (Smoothed Burg's entropy), P, (Euclidean Geometry)

Full rank case: N = M = 500, Not full rank case M = 400,N = 500

Unregularized setting: R = 0, Regularized setting: R = || - ||,
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Not full rank Unregularized setting
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Smoothed Burg's entropy
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Burg's entropy
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Euclidean Geometry
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Full rank Regularized setting
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Comparison with Richardson-Lucy (RL)

107.
104 \\
101<
10—2.
10—&
1078 — o
PsB
10—11. — P,
—— RL
-14 | | . | | ]
10 0.0 0.2 0.4 0.6 0.8 1.0
lterations x10°

(A) x € int(C)

UniGe ‘ Mﬁé@a

10’
— @8
104‘ PsB
10! e
—— RL
1
T' 10—2.
<
X 1075
\
10—8.
10—11.
-14
10 0.0 0.2 0.4 0.6 0.8 1.0
Iterations x10°

(B) % € 8C




Conclusions & outlook

Linear convergence rate upon RRSC for Bregman Proximal Gradient Methods in convex setting

Tailored choice of ¢ for Kullback-Leibler functional

Experiments on simulated data showed the effectiveness of the proposed ¢

> What about convergence of iterates?

> Test on Microscopy inverse problems



Thanks for your attention!
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RRSC
Sl ={xeC\S | L(x—%g, ker(A)) < 6}.

Proposition 3.4 (Restricted relative strong convexity). Let F' be the KL divergence defined
in (21). Then, we have that

e For any 0 € (0,7/2), F is restricted strongly convex relative to psg over C\ SY_.

o For any e > 0 and any 0 € (0,7/2), F is restricted strongly conver relative to pg
over

(23) Ko i={x eRY\ 8l | %, € R}

o For any 0 € (0,7/2) and any compact set B C C containing S, F is restricted
strongly convex (relative to py,) over B\ S .
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Restricted symmetry coefficient

Definition 2.2 (Restricted symmetry coefficient). Let D C int(dom ). Then, the (re-
stricted) symmetry coefficient ap(p) is given by

(6) ap(p) := inf{gzg’g | x € int(dom ),y € D,x # y} € [0,1].

Proposition 3.5 (Restricted symmetry coefficient). Let S be the solution set of (1). We
have that

* as(psp) > 0 over C,
* QgnRY (pB) > 0 over RJZVE,

e a(pe,) =1 over RY,
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Backtracking

Corollary 2.6 (Linear convergence of BPGM with backtracking). Let Assumption (2.1

be satisfied, and consider the sequence (x*)ren generated by (BPGM) with step-sizes TF
obtained via the following backtracking strategy: for B € (0,1), and 7° > 0, we set, for all
keN, 78 :=7F=1. 37 for the smallest j = 0,1,... such that x**1 € C Nint(dom ¢) and

(19) F(x*) < F(x%) + (VF(xF), xk+ — xk) 4

&
holds true.

Then, the sequence (x*)icn obeys the two statements of Theorem |2.4| by replacing T with

7=B8/L.

D(p (Xk+1, xk)

UniGe ‘ Mﬁé@a



Coercivity of KL

Proof. To prove the result we only need to show that the composite function J is coercive on
]RJ>V0. Indeed, given that J is lower semi-continuous over the closed convex set Rgo, we get
by [8, Proposition 11.15] that coercivity ensures that S is nonempty and compact. To that
end, we will show that, if ||x||; — +o00, then J(x) — 400. Recall that, by assumption, the
matrix A € ]R];/IOXN, with entries amp, m=1,...,M,n=1,..., N, has no column which is
entirely zero. This means that, for every n € {1,..., N}, there exists m € {1,..., M} such
that ap,n > 0. Then, defining the constant ¢ := min,, ||a,||1, we have that

M N N M
[Ax]1 = 3713 tmntn| = 320 Y tmn > clxl1,
m=1 |n=1 n=1 m=1

for all x € C. Consequently, if |[|x|[; — +o00, then indeed ||[Ax||; — +o00. Now, since
KL(y, - + b) is coercive, we derive that

lim KL(y,Ax+b)= lim KL(y,z+ b)= 400,

[Ix[[1—+o00 z—+00

showing that KL(y, A - +b) is coercive. Finally, combining this with the fact that R is
bounded from below proves that J is coercive on ]RJZVO and completes the proof. ]
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