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Poisson Inverse Problems

x ∈ ℝn
≥0, y ∈ ℝm

≥0, b ≥ 0
A ∈ ℝm×n

≥0y = Poisson(Ax + b)

2

Motivation: Imaging with low photon count (e.g. Microscopy)
[Bertero and Boccacci ’98] 

KL(y, Ax + b) =
M

∑
m=1

ym log ( ym

[Ax]m + b ) + [Ax]m + b − ym

• Convex but not strongly 
• Coercive 
• smooth if L− b > 0

How to effective handle KL minimization?

 argmin
x≥0

KL(y, Ax + b) +R(x)  convexR



KL minimization: Proximal Gradient Descent

 argmin
x≥0

KL(y, Ax + b) +R(x) =: J(x)
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  xk+1 = argmin
x∈ℝn

≥0

⟨x − xk, ∇(KL(y, A ⋅ +b)⟩+R(x) +
1
τ

∥x − xk∥2
2

If                                   b > 0 ⟹ L ∝
1
b2

[Harmany, Marcia, and Willett ’12]

If τ ∈ (0,2/L) ⟹ J(xk) − J̄ = O(1/k) [Nesterov ’13]

strong convexity allows for achieving , with  rates but not satisfied by KLμ− O(ρk) ρ := 1 − μ /L[Nesterov ’13]



KL minimisation: Bregman Proximal Gradient Descent
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Given a Legendre function :φ

 xk+1 = argmin
x∈ℝn

≥0

⟨x − xk, ∇(KL(y, A ⋅ +b)⟩+R(x)+
1
τ

Dφ(x, xk)

 φ =
1
2

∥x∥2
2 ⟹

Dφ(x, y) =
1
2

∥x − y∥2
2 argmin

x≥0
KL(y, Ax + b) +R(x) =: J(x)



KL minimisation: Bregman Proximal Gradient Descent
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 xk+1 = argmin
x∈ℝn

≥0

⟨x − xk, ∇(KL(y, A ⋅ +b)

F(x)

⟩+R(x)+
1
τ

Dφ(x, xk)

Convergence under relative smoothness

F(x) ≤ F(x′￼) + ⟨∇F(x′￼), x − x′￼⟩ + LDφ(x, x′￼)

φ = − log( ⋅ ) ⟹ L ≥ ∥y∥1

 τ ∈ (0,1/L) ⟹ J(xk) − J̄ = O(1/k)

[Bauschke, Bolte, Teboulle  ’17]



KL minimisation: Bregman Proximal Gradient Descent
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 xk+1 = argmin
x∈ℝn

≥0

⟨x − xk, ∇(KL(y, A ⋅ +b)

F(x)

⟩+R(x)+
1
τ

Dφ(x, xk)

Linear rate under relative strong convexity (RSC)

F(x) ≥ F(x′￼) + ⟨∇F(x′￼), x − x′￼⟩ + μDφ(x, x′￼)

RSC does not hold if  for n ≥ 2 φ = − log( ⋅ )

It is possible to relax RSC and get linear rate? 

RSC  ⟹ J(xk) − J̄ = O(ρk), ρ = 1 − μ /L

Lu, Freund, Nesteorov ’18, Teboulle ’18]
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Is (relative) global strong convexity necessary?

Restricted relative strong convexity (RRSC)

⟨∇F(x) − ∇F(x̄ℓ2
), x − x̄ℓ2

⟩ ≥ μ⟨∇φ(x) − ∇φ(x̄ℓ2
), x − x̄ℓ2

⟩

If , then RRSC = ReSCφ = 1/2∥ ⋅ ∥2
2

Linear rate for BPGM?

, with , with x̄ℓ2
= argmin

z∈S
∥x − z∥2

2 S = argmin(J ) J = F+R

⟨∇F(x) − ∇F(x̄ℓ2
), x − x̄ℓ2

⟩ ≥ μ∥x − x̄ℓ2
∥2

2

Restricted strong convexity (ReSC) [Zhang, Cheng ’15]

Upon ReSC, it is possible to retrieve linear convergence rate [Necoara, Nesterov, Glineur ’19]
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 xk+1 = argmin
x∈ℝn

≥0

⟨x − xk, ∇F(xk)⟩+R(x)+
1
τ

Dφ(x, xk)

Linear convergence upon RRSC

If the following holds:


1)  is restricted strongly convex relative to 


2)  is -smooth relative to  
 

F μ− φ

F L φ

Proposition (Informal) [Chirinos-Rodriguez, D., Févotte, Soubies ’26]

J(xk+1) − J̄ ≤
1
τ ( 1

1 + c(φ)τμ )
k

Dφ(x̄0
φ, x0),

Then, given , if  holds:J = F + R τ ∈ (0,1/L)

where  and , measures the symmetry of  x̄0
φ = argmin

z∈S
Dφ(x0, z) c(φ) ∈ (0,1] Dφ

What is a good choice of ?φτ = 1/2L, ρ =
1

1 + c(φ) μ
2L
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The smoothed-Burg’s entropy: relative smoothness

φξ(x) =
n

∑
i=1

− log(xn + ξ), ξ ≥ 0

Lemma [Chirinos-Rodriguez, D., Févotte, Soubies ’26]

 is smooth relative to  for any  such that:KL(y, A ⋅ +b) L− φ L

L ≥
m

∑
m=1

w2
mym

with w2
m = max{1,[Aξ]m /b}

The classic Bolte’s result  holds if , where L ≥ ∥y∥1 ξ ≤ min
m,amn≠0

b
Namn

amn = Am,n

The result holds for b > 0
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The smoothed-Burg’s entropy: RRSC, when it may hold?

φξ(x) =
n

∑
i=1

− log(xn + ξ), ξ ≥ 0

Lemma 1 (Necessary condition) [Chirinos-Rodriguez, D., Févotte, Soubies ’26]

Suppose that  satisfies restricted strong convexity relative to . Then KL(y, A ⋅ +b) μ(ξ)− φξ ξ > 0

If , then , i.e the classic Burg’s entropy, does not satisfy RRSCξ = 0 φ0

Remark:

In general, if  the property may hold depending on the property of  and ξ > 0 Ker(A) S = argmin(J )
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The smoothed-Burg’s entropy: RRSC, where it holds?

φξ(x) =
n

∑
i=1

− log(xn + ξ), ξ ≥ 0

Lemma 1 (Sufficient condition) [Chirinos-Rodriguez, D., Févotte, Soubies ’26]

If  or , then  is restricted strongly convex relative to   R = 0 Ker(A) = {0} ξ > 0 ⟹ F = KL(y, A ⋅ +b) μ(ξ)− φξ

Counterexample:

 and  such that Ker(A) ≠ {0} R ≠ 0 S = argmin(KL(y, A ⋅ +b) + R) = {x*}

⟨∇F(x) − ∇F(x̄ℓ2
), x − x̄ℓ2

⟩ ≥ μ⟨∇φ(x) − ∇φ(x̄ℓ2
), x − x̄ℓ2

⟩

⟨∇KL(y, A x + b) − ∇KL(y, A x̄ℓ2
+ b), A(x − x̄ℓ2

)⟩

=0 on the red line

=
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Numerical experiments

y = Poisson(y0)/Q, y0 = QAx* + b

 random matrix,  ground truth A ∈ ℝM×N
≥0 x*

Full rank case: , Not full rank case N = M = 500 M = 400,N = 500

Unregularized setting:  Regularized setting: R = 0, R = ∥ ⋅ ∥1

Setup:

Three geometry:  (Burg’s entropy),  (Smoothed Burg’s entropy),  (Euclidean Geometry) φB φsB φℓ2

 xk+1 = argmin
x∈C

⟨x − xk, ∇(KL(y, A ⋅ +b⟩+R(x)+
1
τ

Dφ(x, xk) C = ℝn
≥0
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Not full rank Unregularized setting

30 different x0 ∼ 𝒰((0,K ))
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Smoothed Burg’s entropy

C = [0, + ∞)N
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x̄ ∈ ∂C

x̄ ∈ int(C)

Burg’s entropy

C = [0, + ∞)N
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Euclidean Geometry
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Full rank Regularized setting
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Comparison with Richardson-Lucy (RL)



Conclusions & outlook
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Linear convergence rate upon RRSC for Bregman Proximal Gradient Methods in convex setting 

Tailored choice of  for Kullback-Leibler functional 

Experiments on simulated data showed the effectiveness of the proposed 

φ

φ

What about convergence of iterates?

Test on Microscopy inverse problems



christian.daniele@edu.unige.it

Thanks for your attention!
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Tuning of ξ
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RRSC 
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Restricted symmetry coefficient
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Backtracking
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Coercivity of KL


