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Inverse Problems

X
A€ [R{’gon
X E R’;O,y c R’;‘O

y=N(Ax)

Gaussian case: J(Ax) = Ax + 5, n ~ N(0,6°I)

Poisson case: 4/ (Ax) = Poisson(Ax)

argmin D(y, Ax) + Ag(x)

xeC

-

||x||% Tikhonov

gx) =9 |Ix|]l; U
Poisson case: D(y, Ax) = KL(y, Ax), C =R} kTV(x) Total Variation

1
Gaussian case: D(y, Ax) = 5||Ax — y||%, C=R"
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Hybrid data-driven approach
Physics
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Goal:

given argmin D(y, Ax) + Ag(x), learning Ag
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Data-driven approaches for IPs

D
. PnP X = P%(xk — 7V D(y, Ax"))
« Unrolling xktl = F(xk,y,A,Qk), k=1,..K, K<+
- Deep equilibrium models XV — flofy o ofy 0. . — x%
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Deep Equilibrium models (DEQs)

Input:y € Y

Jo( - 5y) DEQ layer Infinite composition

y = Fix(fy( - ;y)) DEQ

UniGe | Mﬁg@a



How to design a well-posed DEQ

yEYCR™ fo(-,y): XCR" > X

Well-posed DEQ

Vx¥ € X, the sequence {xk}kzo, given by x<*+1 =jfg(xk, y) converges to x* € Fix(fy( - ,y))

Sufficient condition (contraction):

3 p <1st |[fy(x,¥) = folx VI < pllxy — x|l VX, x, € X

Then: Fix(fy( - ,y)) = {x*} and Vil e X, xk - x*
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First-order optimisation contractive operators

[Briceno-Arias, Pustelnik '23]

Let /' = D(y, A-) + Ag be L,—smooth
GD(x)=x—7VFXx)=U—-7VF)Xx)

If F'is pup—strongly convex and 7 € (0,2/Ly), then GD is a contraction with:

p=max{|l —zup|, |1 —7Lp|} <1

[Taylor, Hendrickx, Glineur "18]
Let F' = D(y, A-) + Ag with D(y, A-) L,—smooth and g convex/non-smooth
PGD(x) = prox,[g(x —1tVD(y,AX))

If D(y, A-) is up—strongly convex, then PGD is a contraction for suitable choices of z
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Contractive-like DEQ: DE-GRAD

; 1
g R ! POAY =7 r =
X

e fg(-x, y) AVg > R,

parameterise the gradient

Jox;y) = (I = 7V.D(y, A-))(x) —7Ry(x)

[Gilton, Ongie and Willett 21]

/oG5 y) = foeos I < [ =72V D(y, A))(x; — x| + 7| RyCep)+Ry(x) ||

If the following holds:
« D(y, A-) is Lp—smooth and u;— strongly convex
» Ryis Ly —Lipschitz

then GDy is a contraction V7 € (0,2/(Lp + Ly ))
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Poisson Inverse Problems case

y = Poisson(Ax)

Motivation: Imaging with low photon count (e.g. Microscopy) >

argmin KL(y, Ax) + Ag(x)

x>0
m
KL(y, Ax) = )’ di (3 (Ax)) . >0
i=1 . convex —  GD not applicable
di(y, x) = ylog <£> +x—y * not L-smooth

Ag — R, parameterise the regularisation function
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KL minimisation: Mirror Descent

argmin KL(y, Ax)+R,(x) =%y(-5y)

x>0

Given a Legendre function A:

1
x*1 = argmin (x — x*, V(KL(y, A-)+R9)(xk)) +—D,(x, x%)
xeR" T

Burg’s entropy: 1(x) = — )" log(x), dom(h) = (0, + co)"
=1

Key points:

¥ € int(dom(h)) = x* € int(dom(h))Vk > 0 » no need of projection
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KL minimisation: Mirror Descent

argmin KL(y, Ax)+R,(x) =%y(-5y)

x>0

Given a Legendre function A:

1
x*1 = argmin (x — x*, V(KL(y, A-)+R@)(xk)) +—D,(x, x%)
xeR" T

Burg’s entropy: 1(x) = — )" log(x), dom(h) = (0, + co)"
=1

Key points:
1 NoLip property
T X 7 L > Qisst. Lh — (KL + Ry) is convex on int(dom(/)) L-SMAD

Relative smoothness

UniGe ‘ Mﬁ@a



Deep equilibrium Mirror Descent: DEQ-MD

Jo(x;y) = (VR*(Vh(x) — t(VKL(y, Ax)+ V Ry(x)))

Well-posedness of DEQ-MD <= convergence iterates of MD to minimise ¥,

¥, non-smooth and non-convex functional, convergence relies on
* Kurdyka-tojasiewicz property

- MD provides a gradient-like descent sequence ( + relative smoothness)

Choose R, s.t. Wy is a Kt function
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Kurdyka-Lojasiewicz property

A function f : R” - R U {4+00}is said to have the Kurdyka-tojasiewicz property at x* € dom( f) if there exists
a neighborhood U of x* and a continuous concave function y : [0,6) — R such that:
Vxe Un {x| f(x*) < f(x) < f(x*) 4+ 6}, the Kurdyka-tojasiewicz inequality holds:

y (f(x) = f(x*))dist(0,0f (x)) > 1.

|dea: The functional has to be sufficiently sharp around critical points (upon reparameterisation)

0.5

\ / Counterexample: f(x) = e—l/x2

1 -0.5 0 0.5 1

But it is satisfied by a wide class of functions: Analytical, Semialgebraic, Subanalytical...
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¥, is a Kurdyka-Lojasiewicz function

Assumption: R, is analytic on R”"

: | I XA
\4 l / ¥, is a Kt function

analytical analytical

subanalytical
(stable to sum)

subanalytic functions with closed domain and
continuous upon restriction are Kt

e.g. A = I (denoising)
—> dom(¥y) not closed
A= = dom(¥) = (0,a]"
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Numerical implementation

Choice of R Dataset:
500 natural images of size 256 x 256

P G — 7 SOy 2 i — [13 AR X \ T
ey R 7o ERUER FUEY ‘
- T L ke - o — § J )

1 ‘ o
Re(X)=5||x—N9(x)||2,N9: { AT

Data generation:
y = Poiss(aAx)

—— Training loss 25
—— Validation PSNR

24
A = x
@ =z
ke 2
8 23 8
= =
© g
° |— %
Loss function: 22>

£(x®,x) = [|x® — x||*

M -
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¥, is a Kurdyka-Lojasiewicz function

Subanalytic functions ¥, which are l.s.c., coercive, continuous whenever restricted to their domain and
such that:

S:={x €dom(¥V) | Y(x) = + o}

is closed, are Kt..

Example: n = 2, A = I, dom(¥,) = (0,a]*, S = ([0,a] X {0}) U ({0} x [0,a])

Ry analytic = DEQ-MD is well-posed
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Numerical tests: a = 60

3x103 — KL(y,A:) +Rg
2.9x 103
«©
+
| T 2.8x103
<
| >
<
2.7x103
: 2.6 x 103
. 0 200 400 600 800 1000 1200
PSNR 1, SSIM 1t 13.3058. 0.1664 20.4583. 0.4737 iteration
Total Variation DEQ-RED
: ” ,
a =100 a =60
Method PSNR+ SSIMt LPIPS| PSNRt SSIM+ LPIPS|
RL 22.7381 0.5379 0.5570 22.2968 0.5111 0.6017
TV+KL 23.9879 0.6304 0.3888 23.5203 0.6045 0.4254
B-RED 25.0710  0.6939 0.4120 24.6566 0.6723 0.4384
B-PnP 24.8976 0.6847 0.4417 24.5818 0.6674 0.4401
DEQ-S 24.2080 0.6730 0.3935 23.7252 0.6221 0.4346

DEQ-RED 25.0955 0.6958 0.3317 24.5940 0.6650  0.3755

22.3863, 0.5817 24.2011, 0.7/044 24,6214, 0.7255
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Conclusions & outlook

- DEQ-MD as a convergent learning-the-regularisation framework

—> Bregman MM?

- Convergence beyond L-smoothness and via refined Kt-like argument

—> General result: other applications?

 Application to Poisson IPs
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Thanks for your attention!
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- C. Daniele, S. Villa, S. Vaiter, L. Calatroni, Deep equilibrium models for Poisson Imaging Inverse Problems

via Mirror Descent, to appear in SIAM Journal of Imaging Sciences, 19 (2), (2026).
- C. Daniele, S. Villa, S. Vaiter, L. Calatroni, Noise and task-adaptive Deep-Equilibrium Mirror-Descent for

Poisson Image reconstruction, submitted (2026). O



mailto:christian.daniele@edu.unige.it
https://github.com/christiandaniele/DEQ-MD

Forward pass

Challenges:

k+

Fixed point iteration x**! =f9(xk; y) slow (sublinear rate)

1
T X 7 with L > 0st. Lh — (KL + Ry) is convex, hard to compute

Backtracking for DEQ-MD

Input: y € (0,1),7 € (0,1)
Define: 7 (x) = VA*(Vh(x) — t(VKL(y, Ax) + VRy(x))
while ¥ ,(x*) — W (T.(xY)) < LD, (T.(x*), x*) do

T

T« N7

Update: x*™! = T (x¥)
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Backward pass:
{(x, yl-)}f.\;l, y; = Poisson(Ax;), 2 : R" X R" - Ry,

. 1 &
find @ € aremin — (x>0, i,x.o,xi
gmin — }’ £(x2(6;y, ), %)

0e® i=1
- T p 0/ /) 0 (/). 0
_ _ ox®(0;y,x°)  0(x*(0;y, x%)) 0x®(0;y,x°) _ fex¥(0;y.x")
0o (N- 0 — —
0 € 6,V (x2(0; 3,17, %) = — o 00 00
-1
0o (N- 0 _  (+90( - 0
0x™(0;y, X) . %) Yolx(0:, X)) Constant memory
00 ox | 00
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Backward pass:
{(x, y) YL, ¥; = Poisson(Ax), £ : R" X R" - Ry,

find 0 € argmin — 2 £(x®(0;y;,x O) X;)

0B i=1

N T 2 0o( N 0 00 (N)- 0
_ _ 0x®(0;y,x%) 0£(x®(8;y, x")) x>0, y,x7)  fe(x2(0;y.x7))
00,V x%®0;y,x°),x) = =

ol (x7(0;y, x°), x) ” ™ Y: Y:

~1 Jacobian Free Backpropagation/

ox®(0; y, x°) afé(xoo(é; y,x2)) One step differentiation
00 00
g

a _
1= <1 our case: [| 22| < 1
0x
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Convergence proof structure: idea

- Issue: classical Kt results require a closed domain, but dom(¥) is not closed.

Idea: isolate region around x* &€ Crit(¥) avoiding + oo
- Step 1: localise around x* € Crit(¥) considering D = ¥~ 1(— 00, M], where M = P(x¥).
- D € R"is compact and separated from S = {X P(x) =+ oo}? Then e = dist(D, S) > 0
-x* € int(D),set D' = D.
- If X* € 0D, enlarge slightly to D, and define B, = D, N dom(¥) = find D' = W(—oco,M,], M, < + o0
- Step 2: Having D’ C dom(¥), construct U(x*): U(x*) N dom(¥) C D’

Idea: apply classical results

- D’ is subanalytic.
- Step 3: Define P =Y+ lp- It is subanalytic with closed domain. Theory applies.
- Kt holds for ¥ at x*

_ Conclusion: ¥ = W on U(x¥)
|



Convergence proof structure: idea

1. Geometry

D=W=}((=», M])

Sz{xem):‘l‘(x)=+oo}

2a. Case x* €int(D)

Take D' =D.
Undom(V)cD'.

. Case x" €aD

3. Reduction

4. Apply classical KL

Apply the classical KL theorem to W at x*.

¥ satisfies KL at x*.

B: =D, ndom(¥)

Undom(V) c D’

—~

Y=V+(p
dom(W¥) =D’ is closed
D’ is subanalytic as

D' =¥ ([-m,M])
¥ is subanalytic

5. Transfer back locally

’
.
Y -

On U, one has V=V,

THerefore W satisfies the KL property at x[*.




